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Abstract. In this article we we continue the study of property N p of irrational 
ruled surfaces begun in ^21- Let A be a ruled surface over a curve of genus g > 1 
with a minimal section Co and the numerical invariant e. 

When A is an elliptic ruled surface with e = — 1, there is an elliptic curve E C A 
such that E = 2Co — /. And we prove that if L S PicA is in the numerical class 
of aCg + bf and satisfies property N p , then (C, L\c Q ) and (E, L\e) satisfy property 
N p and hence a + b > 3 + p and a + 2b > 3 + p. This gives a proof of the relevant 
part of Gallego-Purnaprajna' conjecture in 

When g > 2 and e > we prove some effective results about property N p . Let 
L G PicA be a line bundle in the numerical class of aCo + bf. Our main result is 
about the relation between higher syzygies of (A, L) and those of (C, Lc) where Lc 
is the restriction of L to Co- In particular, we show the followings: (1) If e > g — 2 
and 6 — ae > 3<? — 2, then L satisfies property N p if and only if b — ae > 2g + 1 + p. 
(2) When C is a hyperelliptic curve of genus g > 2, L is normally generated if and 
only if — ae > 2g+l and normally presented if and only if b — ae > 2g + 2. Also if 
e > g — 2, then L satisfies property A p if and only if a > 1 and & — ae > 2g + 1 +p. 
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1. Introduction 

In this article we continue the study of property N p of irrational ruled surfaces begun 
in ^2]- We first recall the definition of property N p of Green-Lazarsfeld. Let X be 

G PicA" a very ample line bundle. Consider the 



a smooth projective variety and L 
embedding 

X - 



FH°(X,L) =P 



defined by the complete linear system of L. For the homogeneous coordinate ring 
S = Q)e>oSym £ H (X, L) of P and the finitely generated graded S'-module E = 
z H°(X,L e ),\et 



®jS k ^(-j) ^ E ^ 
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be a minimal graded free resolution. Then L is said to satisfy property N p if E admits 
a minimal free resolution of the form 

> S mp {-p - 1) -> ► 5 m2 (-3) -> 5 mi (-2) -> 5 -> £ -> 0. 

Therefore property Xo holds if and only if X <— ► FH (X, L) is a projectively normal 
embedding, property iVi holds if and only if Property X is satisfied and the homo- 
geneous ideal is generated by quadrics, and property N p holds for p > 2 if and only if 
it has property N± and the k th syzygies among the quadrics are generated by linear 
syzygies for all 1 < k < p — 1. 

The aim of this article is to study higher syzygies of ruled surfaces over irrational 
curves. More precisely we investigate extremal curves on ruled surfaces. Recall that 
on a variety X and a very ample line bundle L G PicX which satisfies property N p 
but not property N p+ \, a curve C C X is said to be extremal with respect to L and 
property N p if (C,L C ) satisfies property N p but not property N p+1 . See Remark 1.5 
in We will follow the notation and terminology of R. Hartshorne's book V §2. 
Let C be a smooth projective curve of genus g > 1 and let £ be a vector bundle of 
rank 2 on C which is normalized, i.e., H°{C, £) ^ while F°(C, £ <g> C (D)) = for 
every divisor D of negative degree. We set 

e = A 2 £ and e = — deg(c). 

Let X = Pc(£) be the associated ruled surface with projection morphism tt : X — > C. 
We fix a minimal section C such that Ox (Co) — Op c (£)(l)- For b G PicC, b/ denote 
the pullback of b by 7r. Thus any element of PicX can be written aCo + bf with a G Z 
and b G PicC and any element of NumX can be written aC*o + bf with a, 6 G Z. 

When X is an elliptic ruled surface with e > 0, the author proved in ^2] that a 
line bundle L G PicX in the numerical class aCo + bf satisfies property N p if and only 
if a > 1 and b — ae > 3 + p. Therefore when L is very ample, L satisfies property N p 
if and only if Lc satisfies property N p where Lc is the restriction of L to a minimal 
section Co- In other words, for every very ample line bundle L G PicX, Cq is the 
extremal curve with respect to L and property N p . Also property N p is characterized 
in terms of the intersection number of L with a minimal section and a fiber. Now we 
turn to the case when X is an elliptic ruled surface with e = — 1. In jH], F. J. Gallego 
and B. P. Purnaprajna conjectured the following: 

Conjecture. Let X be an elliptic ruled surface with e = — 1 and L G PicX a line 
bundle in the numerical class aCo + bf. Then L satisfies property N p if and only if 
a > 1, a + b > 3 +p, and a + 26 > 3 + p. 

Note that there exists a smooth elliptic curve E C X such that = 2C*o — /. See 
Proposition 3.2 in 0j. Also since 

deg(L| Co ) = L ■ C = a + b and deg(L| s ) = L ■ E = a + 2b, 

(C,L\c ) satisfies property N p if and only if a + b > 3 + p, and (E,L\ E ) satisfies 
property N p if and only if a + 2b > 3 + p. Therefore this conjecture suggests that 
when L is very ample, (X, L) satisfies property N p if and only if (C, L\ Co ) and (E, L\ E ) 
satisfy property N p , i.e., Co and E are the extremal curves with respective to L and 
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property N p . This conjecture has been solved for p = by Yuko HommajTU], for 
p = 1 by F. J. Gallego and B. P. Purnaprajnajlj, and for a = 1 by the author[l2j. 
And our first result is the following: 

Theorem 1.1. Let X be an elliptic ruled surface with e = — 1 and L G PicX a 
line bundle in the numerical class aCo + bf . If L satisfies property N p , then a > 1, 
a + b > 3 + p and a + 2b > 3 + p. 

Therefore the relevant part of the above Gallego-Purnaprajna' conjecture is proved. 
For the proof we use D. Eisenbud, M. Green, K. Hulek and S. Popescu's recent 
work|J]. They investigate the relation between linear syzygies in the minimal free 
resolution of a projective scheme IcP r and that of the linear sections of X. It is 
very interesting that the failure of property N p for some p is closely related to the 
existence of a (p + 2)-secant p-plane. See Theorem 13.11 

Remark 1.1. For L G PicX in the numerical class of 2 Co + 3/, property N 2 holds. 
See §7 in This makes Gallego-Purnaprajna' conjecture affirmative. Also note 
that although the conjecture is still open, it is proved at Theorem 1.4.(2) in \12\ that 
for L G Pic A in the numerical class of aCo + bf, property N p holds if a > 1 and 
a + 2b > 5 + 2p. 

Now assume that C is a curve of genus g > 2 and let A be a ruled surface over C 
with e > 0. As in the case of elliptic ruled surfaces with e > 0, one may expect that 
Co is the extremal curve with respect to L and property N p for every very ample line 
bundle L G PicA. And in this article we prove that this is true for some cases. We 
first prove the following: 

Theorem 1.2. Let X be a ruled surface over a curve C of genus g > 2 with e > 
and L G PicX a line bundle in the numerical class of aCo + bf such that a > 1 . 

(1) When < e < g — 3, property N p holds for L if b — ae > 3g — 1 — e + p. 

(2) When e > g — 2, property N p holds for L if b — ae > 2g + 1 + p. 

This refines Theorem 1.8 in Also we prove the following interesting relation 

between minimal free resolution of a ruled surface and that of a minimal section. 

Theorem 1.3. Let X be a ruled surface over a curve C of genus g > 2 with e > 
and L G PicX a line bundle in the numerical class of aCo + bf such that a > 1 . 
Assume that b — ae > max{2g + 1, |g +p} for some nonnegative integer p. If (A, L) 
satisfies property N p , then (C, L c ) satisfies property N p where L c is the restriction 
of L to Co. 

In other words, (A, L) fails to satisfy property N p if (C, Lc) fails to satisfy property 
N p . Therefore the failure of the linearity of the minimal free resolution of (A, L) is 
determined by that of (C,Lc). For the proof, we use Theorem (3.b.l) in [7j where 
M. Green studied the behavior of Koszul cohomology under restriction to a divisor. 
Roughly speaking, the relation between higher syzygies of A and that of C is encoded 
in the short exact sequence 

O x (-C7 ) -+ O x -+ O c -> 0. 
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More precisely, if e > and if L e PicX is in the numerical class clCq + bf such that 
a > 1 and b - ae > 2g + 1, then H\X, V <g> Ox (-Co)) = for all j > 0. Thus we 
have the short exact sequence 

-> i?i -> i? 2 -> i? 3 -> 

of graded S'-modules with maps preserving the gradings where 

R x = ®eezH°(X, O x (-C ) ® L e ), R 2 = ®i e zH°(X, L e ) and R 3 = ® eeZ H°(C, L e c ) 

and Lq is the restriction of L to Cq. This gives a long exact sequence for Koszul co- 
homology groups which enables us to compare the minimal free resolution of R 2 and 
that of R3. Combining Theorem 11.21 and Theorem 11.31 we obtain some corollaries. 
First recall the following Green-Lazarsfeld's result [S]: 

(i) Let C be a curve of genus g > 2. For L £ PicC with deg(L) > 3g — 2, L 

satisfies property N p if and only if deg(L) > 2g + 1 + p. 
(ii) If C is a hyperelliptic curve of genus g > 2 and if L G PicC is a very ample 
line bundle, then L satisfies property N p if and only if deg(L) > 2g + 1 + p. 

We generalize this as follows: 

Corollary 1.4. Let X be a ruled surface over a curve C of genus g > 3 with e > 
and L 6 P^cX a /me bundle in the numerical class of aCo + 6/ suc/i t/iat a > 1 . 
Assume that b — ae > 3g — 2. 

(1) // L satisfies property N p , then b — ae > 2g + 1 + p. 

(2) When e > g — 2, L satisfies property N p if and only if b — ae > 2g + 1 + p. 

Theorem 1.5. Let C be a hyperelliptic curve of genus g > 2 and X a ruled surface 
over C with e > 0. Let L 6 PicX be a very ample line bundle in the numerical class 
ofaC + bf. 

(1) L is normally generated if and only if b — ae > 2g + 1. 

(2) L is normally presented if and only if b — ae > 2g + 2. 

(3) If L satisfies property N p , then b — ae > 2g + 1 + p. 

(4) Assume that e > g — 2. Then L satisfies property N p if and only if b — ae > 
2g + l+p. 

Remark 1.2. When C is a curve of genus g = 2, let X be a ruled surface over C 
with e > 0. Then by Corollary 12.31 L 6 PicX in the numerical class of oCq + bf is 
very ample if and only if a > 1 and b — ae > 5. Also Theorem 11.51 savs that L satisfies 
property N p if and only if Lq satisfies property N p . Therefore as in the case of elliptic 
ruled surfaces with e > 0, a minimal section Co is the extremal curve with respect to 
L and property N p . □ 

The organization of this paper is as follows. In §2, we review some elementary 
facts to study higher syzygies of ruled surfaces. §3 is devoted to prove the relevant 
part of Gallego-Purnaprajna' conjecture. In §4, we develop the technique to study 
higher syzygies of ruled surfaces with e > and prove some new results. Finally §5 is 
devoted to apply our results to ruled surfaces over a hyperelliptic curve with e > 0. 
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2. Preliminary 

2.1. Notations and Conventions. Throughout this paper the following is assumed. 

(1) All varieties are defined over the complex number field C. 

(2) For a finite dimensional C-vector space V, F(V) is the projective space of one- 
dimensional quotients of V. 

(3) When a variety X is embedded in a projective space, we always assume that 
it is non-degenerate, i.e. it does not lie in any hyperplane. 

(4) When a projective variety X is embedded in a projective space P r by a very ample 
line bundle L £ PicX, we may write Ox(l) instead of L as long as there is no 
confusion. 



2.2. Minimal slope. Let C be a smooth projective curve of genus g > 1. For a 
vector bundle 3 on C, the slope //(9 r ) is defined by deg(3 r )/rank(3 r ) and the minimal 
slope /i~(3 r ) is defined as follows: 

yr{3) =min{/i(Q)|^Q^0} 

It is well-known that jJT{3) measures the positivity of 9\ 

Lemma 2.1. (1) If ^"(3=) > 2g - 2, then h\C, 3) = 0. 

(2) If [i~(3) > 2g — 1, then 3 is globally generated. 

(3) If ix~(3 r ) > 2g, then Op(j)(l) is very ample. 

Proof. See §1 in 0. □ 

Lemma 2.2. For a ruled surface X over C with e, let L £ PicX be a line bundle in 
the numerical class of aCo + bf with a > 1 and put 3 = ir*L. 

(1) //0p(5)(l) is very ample, then L is very ample. 

(2) If jjT (3) > 2g, then L is very ample. 

Proof. (1) Note that X C P(9 r ) is given by a fiberwise a-uple map and Op(?)(l)|x = L. 
Since Op(g^(l) is very ample, L is very ample. 

(2) By Lemma \2. II (3). 0p(2)(l) is very ample. Therefore L is very ample by (1). □ 

For elliptic ruled surfaces, very ampleness of line bundles is determined by its numer- 
ical type. And the following shows that this is true for ruled surfaces over a curve C 
of genus 2 with e > 0. 

Corollary 2.3. For a curve C of genus 2, let X be a ruled surface over C with e > 0. 
Then L £ PicX in the numerical class of aC® + bf is very ample if and only if a > 1 
and b — ae > 5. 

Proof. If L is very ample, then the restrictions of L to a fiber and to a minimal section 
C are both very ample. Thus a > 1 and deg(L|c ) = 6 — ae > 5. Conversely, if a > 1 
and n^iji^L) = b — ae > 5, then L is very ample by Lemma I2~21 (2). □ 
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2.3. Cohomological interpretation of property N p . We review some cohomo- 
logical criteria for property N p . Let X be a smooth projective variety of dimension 
n > 1 and let L e PicX be a very ample line bundle. Consider the natural short 
exact sequence 

-> M L -> F°(X, L) ® Ox -> L -> 0. 

It is well-known that L satisfies property N p if and only if H 1 (X, A*Ml ® L- 7 ) = for 
1 < z < p + 1 and all j > 1. And in the situation that will concern us, one can get 
away with checking even a little less: 

Lemma 2.4. Suppose that the ideal sheaf "Jx/v of X <^-> P = PH°(X, L) is 3-regular 
in the sense of Castelnuovo-Mumford, i.e., that H l (F, Jx/p(3 — «')) = /or a// z > 1. 
TTien for p < codim(X, P), property N p holds for L if and only if 

H\X, A P+1 M L ®L) = 0. 
Proof. See §1 in 0. □ 

Remark 2.1. Let X be a smooth projective surface with geometric genus 0, i.e., 
H 2 (X, Ox) = 0. Let L e PicX be a normally generated very ample line bundle such 
that H X (X,L) = 0. Then it is easy to check that X <-> FH°(X,L) = P, 3 X/P is 
3-regular. □ 



2.4. Higher syzygies of degenerate varieties. Let A = WW C PV^ be a linear 
subspace such that codim(W / , V) = c. It is easily checked that 

Now let X C P^ be a smooth projective variety which is indeed contained in A. Let 
the corresponding very ample line bundle on X be L e PicX. Consider the natural 
short exact sequences 

-> My -> y ® O x -> L -> and 
-> M w -> ^ ® O x -> L -> 0. 
The above observation shows that My = Mv^ © O x . 

Lemma 2.5. Under the situation just stated, assume that H 1 (X , L e ) = 0forall£> 1 
and W = H°(X, L). Then (X, L) satisfies property N p if and only if 

H\X, A l My ® L l ) = /or 1 < i < p + 1 and i > 1. 
Proof. See Lemma 2.6 in |T2]- D 

3. Elliptic ruled surfaces with e = -1 

This section is devoted to prove Theorem 11.11 We first remark the following recent 
result: 

Theorem 3.1 (D. Eisenbud, M. Green, K. Hulek and S. Popescu, Theorem 1.1 in [S]). 
For a projective variety X and a very ample line bundle L e PicX , if X C Pif °(X, L) 
admits a (p + 2) -secant p-plane, i.e., there exists a linear subspace A C ¥H°(X, L) of 
dimension < p such that X R A is finite and lengthiX n A) > p + 2, then (X, L) fails 
to satisfy Property N p . 
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For elliptic ruled surfaces with e = — 1, Theorem 13. II enables us to relate the failure 
of property N p to the minimal free resolution of the minimal section Cq and that of 
the elliptic curve E = 2C — f. See the following proof: 

Proof of Theorem II. 1L Assume that L satisfies property N p . When p = 0, Yuko 
Homma[10j proved that L satisfies property iVo if and only ifa>l,a + 6>3 and 
a + 26 > 3. When p — 1, F. J. Gallego and B. P. Purnaprajna^] proved that L 
satisfies property N\ if and only if a > 1, a + 6 > 4 and a + 26 > 4. Thus we assume 
that p > 2 and hence a>l, a + b > 4 and a + 2b > 4. 

We first prove that a + b > 3 + p. Assume that a + b = 2 + p(p > 2). Note 
that deg(L| Co ) = a + b. Also H°(X,L) -»• i? (C, L| Co ) is surjective since H l (X,L® 
Ox{~Cq)) = 0. See Proposition 4.3 in [5j. Thus C is embedded in a linear subspace 
A S Pp +1 c P#°(A, L) by A ^ Pi? (A, L). Let A' = P p C A be a hyperplane such 
that A' R A is a finite scheme. Then 

length(A n A) > length(C n A) = p + 2. 

Thus Theorem 13.11 implies that X t — ► FH°(X, L) fails to satisfy property N p which 
contradicts to our assumption. Therefore a + b > 3 + p. 

By the same way we prove that a + 2b > 3 +p. Assume that a + 2b = 2 +p(p > 2). 
Note that there exists a smooth elliptic curve E C X such that E = 2C*o — / and 
deg(L| B ) = a + 2b. Also H°(X,L) -> H°(E,L\ E ) is surjective since H\X,L® 
Ox{—E)) = by Proposition 4.3 in j^J. Thus is embedded in a linear subspace 
A = P p+1 C FH°(X, L) by X <-> Pi? (A, L). Let A' = P p c A be a hyperplane such 
that A' H A is a finite scheme. Then 

length(A n A') > length(E n A') = p + 2. 

Thus (A, L) cannot satisfy property N p by Theorem l3.ll Therefore a + 2b > 3+p. □ 

Remark 3.1. For a smooth projective variety A of dimension n and an ample line 
bundle A e PicA, it is conjectured by Shigeru Mukai that K x + (n + 2 + p)A satisfies 
property N p . Although this is still open, Theorem 11.11 shows that the condition of 
the conjecture is optimal when n = 2. Indeed let A be an elliptic ruled surface with 
e = — 1 and let A 6 PicA be a line bundle in the numerical class aCo + bf such that 
a > 1 and a + b = 1 . Then 

K x + (4 + p)A = {a(4 + p) - 2}C Q + {6(4 +p) + l}f 

and hence {a(4 + p) - 2} + {6(4 + p) + 1} = (4 + p)(a + 6) - 1 = 3 + p. Thus The- 
orem [TTT] says that Kx + (4 + p)A fails to satisfy property N p+ i. For a more general 
result, see §5 in jllj . Indeed for all n > 2 and p > it is proved that there exists an 
n-dimensional ruled variety A over a curve and an ample line bundle A e PicA such 
that for any p > 0, (A, K x + (n + 2 + p)A) fails to satisfy Property N p+ \. □ 

4. Ruled surfaces with e > 

Let C be a smooth curve of genus g > 2 and A a ruled surface over C with e > 0. 
For a line bundle L e PicA in the numerical class of aC*o + 6/, assume that a > 1 
and 6 — ae > 2(7 + 1. Then L is very ample and H 1 (X, U) =0 for all j > 1. Also the 
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vector bundle 3 = tt*L over C is globally generated and \x (5F) = b — ae. Therefore 
we have the following two short exact sequences: 



-»• My -»• H°(C, 3") ® C 2" -»• and 
-> M L -> L) <g> Ox -> L -> 0. 



We first prove the following simple criterion for property N p : 

Lemma 4.1. Under the situation just stated, assume that b — ae = 2g + 1 + q for 
some q > 0. Then for p < ~ + 1 + q, (X, L) satisfies property N p if and only if 

H\X, A p+l M L ®L) = 0. 

Proof. Since b — ae > 2g + 1, L is normally generated by Theorem 5.1A in [2]. Also 
H l (X,L) = H 2 (X,O x ) = 0. Therefore X ^ FH°(X,L) is 3-regular in the sense 
of Castelnuovo-Mumford. Thus for p < h°(X,L) — 3, L satisfies property N p if and 
only if H X {X, A P+1 M L (g) L) = by Lemma I2H or by Lemma 1.10 in Also by 
Riemann-Roch, 



, n / / s aefa + 1) a 

L) - 3 = a(g + 2 + q) + g + q - 1 + > | + i + g , 



which completes the proof. □ 

Lemma 4.2. Under the situation just stated, let p > be a given integer. 

(1) H\X, A P+1 M L ® L ® O x (-C )) = 

max{2g + l,3g — 1— e + p} w/ien < e < 2g — 2, 
b — ae > ^ max{2g + 1, g + 1 + p} when 2g — 1 < e, and 

max{2g + 1, g + p} when 2g < e. 

(2) H\X,A P M L ® L 2 ®O x (-C )) = ifb-ae > max{2g + 1, \g + p}. 
Proof. Consider the exact sequence 

-> % L -> 7T* J -> L -> 
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where %l is a vector bundle of rank a on X which is 1 7r-regular. Using Snake Lemma, 
we have the following commutative diagram: 


I 

% L 

1 I 

^7T*M^H°(C, 3) <g> 0x->7r*y-> 

I ih I 

-> M L ^H°(X, L) <g> X ^ L -> 

I I 
3Cl 

I 


(1) From the sequence 

-> 7t*M ? -> M L -> DC L -> 0, 
/^(X, A p+1 M L <g> L <g> Ox (-C )) = if 

H\X, A ?+1 -VM ? <g> A l DC L <g> L <g> Ox (-Co)) = 
for every < « < min{a,m}. 

Cage i. First we concentrate on the case % — 0. Then 

tf^X, A p+ V*Mj» L <g> Ox (-Co)) = H\C, A p+1 M^(g)7T,{L ® O x (-C )}) 
and hence it suffices to show that 

/i-(A p+1 M^7T,{L® O x (-C7 )}) > 2 ff -2. 

Indeed we have 

/i~(A p+1 M ;r ®7r4L®Ox(-C7o)}) > (p+lj^M^+^^ + e 

since /i~(£) = e when e > 0. Therefore it suffices to show that 

-(P + 1) _^f! +^(3 r ) + e>2^-2 

or equivalently 

/x-(^) 2 + (e + 1 - 3<? - + <?(2<? - 2 - e) > 0. 

It is a tedious calculation that the second inequality holds under our assumption. 
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Case 2. Now we consider the case 1 < i < a — 1. Since A 1 %l is a direct summand 
of the tensor product T l X L , it suffices to show that 

H\X, A p+1 ~ l 7c*M? <g> TX L ®L® Ox(-C )) = 0. 

Note that since i < a — 1, T*DCi <8> L <g> 0x( — Co) is 7r-regular. Therefore 

A p+1 - i 7r*M^r^ L ®L®o x (-c )) = f^c, A p+1 - i M^7r,{r3c L ®L®o x (-c )}). 

Note that 

Li-(AP+ 1 - i M s ®7r*{T i X L ®L®Q x (-C )}) > -(p + l-i) + (z + + e 

> -(P+1) +/i-(J) + e 

/i (J) - 5 

> 2(7-2 

by the claim in the proof of Lemma 3.1.(1) in [T2*] . 

Caae g. Assume that i = a. Note that A a 3C L = A a+1 7T*3® IT 1 . Using this equality, 
we have 

A^" 4 ir% ® A a 3Ci ® L ® 0*(-C ) = A p+1 -°7r*M ? ® A a+ V^ ® X (-C ) 
and hence this is 1 7r-regular. Therefore 

H\X, A p+l - a Ti*M? <g> A a X L <g> Ox(-Cq)) 
= H l {C,A p+l - a Mrr® A a+1 ?®7r,O x (-Co)) = 
since 7r*O x (— Co) = 0. 

(2) We apply Lemma 3.1.(1) in [12 to L 2 ® O x (-C ) = (2a - 1)C + 26/. Therefore 
we get the desired vanishing if 

2p-(g) + e> P ^ (gr) +2^-2. 

It is easily checked that this inequality holds if > max{2g + 1, |g + p}. □ 

Consider the short exact sequence 

^ O x (-Co) ^ Ox ^Oc^O 
and define graded S'-modules 
R x = ® ee zH°(X, Ox(-Co) <g> i/), i? 2 = ©£ e z#°(X, L £ ) and R 3 = @, & H°(C, L e c ) 

where L c is the restriction of L to C . Since H X {X, O x (-C ) ® L £ ) = for all £ > 1, 
we have the short exact sequence 

-> i?i -> i? 2 -> i? 3 -> 

of graded S'-modules with maps preserving the gradings and hence there is a long 
exact sequence 

► Mi jg (i2i, V) -> Mi,,(ife, V) -> Mi,,(i23, V) 

-> M 0i9 (i? 1; V) -> M , ? (i? 2) 7) Af , ff (i23, V) -> 0. 
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See Corollary (l.d.4) in [7j. We need the following part: 

► M PiP+2 {R x , V) -> M P:P+2 (R 2 , V) -> M P , P+2 (R 3 , V) -> M p _ hp+2 (R U V) -»• • • • . 

Since /^(X, Ox(-Co) ® L) = H\X, O x (-C ) ® L 2 ) = 0, 

M p>p+2 {Ri, V) = H\X, A P+1 M L ® O x (-Co) ® L) and 
M p „ ltP+2 (R!, V) = H\X, A P M L <g> Ox(-Co) ® L 2 ). 

See Theorem 2.4 in Now we start to prove Theorem 11.21 and Theorem 11.31 

Proof of Theorem 11.21 First note that if deg(L c ) = 6 — ae > 2g + 1 + p, then 
(C, L ) satisfies property i\T p . Therefore M PjP+2 (R 3 , V) S ff^C, A P+1 M L ® L c ) = 
by Lemma 2.6 in [TJ]. Also if^X, A P+1 M L <g> O x (-<?o) ® L) = if 

, I max{2o + 1, 3o — 1 — e + p} when < e < g — 3, and 

b — ae> < 

\2g + l+p when e > g — 2. 

by Lemma IP (1). Thus it is proved that M PjP+2 (R 2 , V) ^ /^(X, A P+1 M L ® L) = 0. 
Therefore (X, L) satisfies property X p by Lemma 14.11 □ 

Proof of Theorem FQl By Lemma IP (2). 

M p _ liP+2 (i? 1; V) = H\X, A P M L ® Ox(-Co) ® L 2 ) = 

if 6— ae > max{2g+l, §<?+p}. Also if L satisfies property N P , then M PtP+2 (R 2 , V) = 0. 
Thus M P:P+2 (R 3 , V) = 0. Note that H\C, L c ) = since deg(L c ) = b - ae > 2g + 1 
and hence 

M PyP+2 {R Z: V) s # x (Cr A P+1 M L ® L ® O c ). 
Therefore (C,Lc) satisfies property X p by Lemma 2.6 in ^2]- D 

Proof of Corollary 11.41 (1) Since g > 3, b — ae > 3g — 2 > 2g + 1. Assume that 
6 — ae = 2g + p. If (X, L) satisfies property N p , then (C, Lc) satisfies property X p by 
TheoremOl But H°{C, L c -K c ) ^ since deg(L c ) = b-ae = 2g+p > 3g-2. Thus 
M. Green and R. Lazarsfeld's result in [S] says that (C, Lc) fails to satisfy property N p 
which is a contradiction. Therefore if L satisfies property N p , then 6 — ae > 2g + l +p. 
(2) This is proved immediately by (1) and Theorem 11.21 (2). □ 



5. Ruled surfaces over a hyperelliptic curve with e > 

The main goal of this section is to prove Theorem 11.51 We first prove the following 
criterion for normal generation: 

Proposition 5.1. Let S be a surface and let C C S be a curve. For a normally 
generated line bundle L G PicS, assume that H 1 (S,Qs{—C) (g> L^ +1 ) = for all 
j > 1. Then (C,L\ C ) is normally generated. 
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Proof. For j > 1, consider the following commutative diagram: 
H°{X, L) ® H°{X, U)^H°(C, L c ) ® H°(C, V c ) 

i« I/? 
#°(X, -i> #°(C, -> H\S, S (-C) <g> L^ 1 ) = 

a is surjective since L is normally generated. Also from the short exact sequence 

-> Os(-C) -> 5 -> C -> 0, 

5 is surjective since H 1 ^, Os(— C) (g> L- 7 " 1 " 1 ) = for all j > 1. Therefore (3 is also 
surjective for all j > 1. □ 

Proof of Theorem 11.51 It is well-known that L is normally generated if b — ae > 
2g + 1 and normally presented if 6 — ae > 2g + 2. See Theorem 5.1 A and Theorem 
5. IB in or Corollary 4.6 in [TTJ . 

(1) Assume that L is normally generated. Note that for Lc '■— L\c , deg(Lc) = 
b — ae > g + 3 since C is hyperelliptic and Lc is very ample. Thus one can easily 
check that 

H\X, L j+1 <g> Ox(-Co)) = for all j>l. 

By Proposition 15. 1\ Lc is normally generated and hence b — ae > 2g + 1. 

(2) Assume that L is normally presented. Since it is normally generated, we know 
that b — ae > 2g + 1. So Theorem 11.31 guarantees that Lc is normally presented and 
hence b — ae > 2g + 2. 

(3) By (1) we may assume that b — ae>2g+l. Now assume that L satisfies property 
N p for p > 1. We need to show that b — ae> 2g + l+p. If b — ae = 2g+p, then we can 
apply Theorem ll.3l to L. Thus Lc satisfies property N p and hence deg(Lc) > 2g+l+p 
which is a contradiction. 

(4) If a > 1 and b — ae > 2g + 1 + p, then L satisfies property N p by Theorem 11.21 
The converse also holds by (3). □ 

As a corollary of Proposition 15.11 we also obtain the following: 

Corollary 5.2. Let X be a ruled surface over a curve C of genus g > 2 with e > 0. 
For a very ample line bundle L e PicX in the numerical class ofaCo+bf, assume that 
H l (X,L) = 0. If L is normally generated, then Lc '■= L\c is normally generated. 

Proof. From the short exact sequence — > Ox (—Co) — > Ox — » Oc —> 0, 

H X {C : L c ) = 0. Thus Lc is a nonspecial very ample line bundle on C. In particular, 

deg(Lc) = b — ae > g + 3. Therefore it is easily checked that 

H\X, L j+1 <g> Ox(-Co)) = for all j > 1. 

Now the assertion comes from the following Proposition 15.11 □ 

Remark 5.1. When A is a ruled surface over a curve C of genus 2 with e = — 2, 
L = Co + 3/ is very ample, H 1 (X,L^) = for all j > 1 and the complete linear 
system |L| defines an embedding X •— > P 5 . Also note that L|c is normally generated 
since deg(L|c ) = L ■ Co = 5. But L is not normally generated since 2-normality 
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fails to hold. For details, see pp. Therefore Cq is not the extremal curve with re- 
spect to property N and L. Thus it seems natural to investigate extremal curves on 
ruled surfaces with negative e as in the case of elliptic ruled surfaces with e = — 1. □ 
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